Solution to Test 1, MMAT5000

by YU, Rongfeng

1. (i)(2 marks) Let A be a non-empty subset of R. A real number ¢ = inf A if and only if the
following two conditions are satisfied:

a) t<aforallae A;
b) For each v € R satisfying ¢ < v, there exists a, € A such that a, < v.

(ii)(4 marks) Let A= {z € R: 0 < sin(z7!) < @}, then inf A = —7~!. We need to show
that —7~! satisfies the two conditions listed in (i). In fact, for any x € A, we have

e <2k7r, (2k + ;)77> U ((Qk + g)w, (2k + 1)7r> Ckez

1.e.
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6k+lﬂ- >2k+17r > —m -, for a € L,
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so —m " is a lower bound of A, i.e. Condition (a) in (i) holds.
Next, for each v € R with —7~! < v,

Notice that

4 4
— If v > 0, then we can find —gw_l € A such that —577_1 <0<

— If v <0, then v~ ! < —7. There exists t, € (—%ﬁ, —77) such that v~ < ¢, < —m. Set
Ay = t;l, then we have a, € A and a, < v.

Condition (b) holds too, so inf A = —7~ 1.

2. (6 marks)

— If ¢ = 3, then a,, = 3 for all n > 1. We will show it by mathematical induction: i)
ap = 3; ii) Assume that aj = 3 for all £ > 1; iii) Then ag+1 = v/3a; = 3.

So lim a, = 3.
n—oo

—If 0 < ¢ < 3, then 0 < a, < 3 for all n > 1. We will show it by mathematical
induction: i) a3 = ¢ € (0,3); ii) Assume that a; € (0,3) for all £ > 1; iii) Then
Afy1 = 3ag € (O,?)).

Moreover, for all n > 1, we have

Gnt1 — G = V3ap — ap = \/@(\/?:— Varn) > 0.

So {an nen is an increasing sequence and has an upper bound, and hence converges.
Set I = lim a,, then we have
n—oo

lim apy1 = lim v3ay,
n—oo n—o0
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l.e.

1 =3,

which implies that [ = 3. (Here we rejected the case | = 0, since we notice that
an >c¢>0foralln>1.)

If ¢ > 3, then a,, > 3 for all n > 1. We will show it by mathematical induction: i)
ay = ¢ > 3; ii) Assume that aj > 3 for all £ > 1; iii) Then ax4+1 = /3ar > 3.
Moreover, for all n > 1, we have

Apt1 — Ap = 30y — ap = ,/an(\f— Van) < 0.
So {an}nen is a decreasing sequence and has a lower bound, and hence converges.
Set m = lim a,, then we have
n—oo

lim apy1 = lim v3ay,

n—oo n—oo
i.e.

m = vV3m,

which implies that m = 3. (Here we rejected the case m = 0, since we notice that
ap >3>0foralln>1.)

Therefore, lim a, = 3.
n—oo

. (1)(5 marks)First, we claim that

0<yp <y <-- <y <ymt2 < - <yumt1 <Y1 <---<y3<yr =2, n>1

It suffices to show that for all n > 1:

Yn € [0, 2], yon < Yont2, Yont+1 < Yon—1, Yon < Yon—1.

Doyt —yo=2y7>0, 1 —y3=243>0, o —ya =23 —y3) > 0;

IT)Assume that it holds for n = k, i.e. yx € [0,2], yor < Yort2, Y2ktl < Y2k—1, Y2k <

Yok—1, k>1;

IIT)For n = k+1, we have yog1— Yok = 5 (Y3e_1—Y5%) = 0, Yok+1—Yokto = 5 (U3es1—Y3k)
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0, Yort1 — Y2kt3 = 3(Ydio — Y5) = 0, Yokso — Yorsa = 5(Yapis — Yaps1) < 0.
Second, for any p > m > 4,

[Yp — Y| = %\yi_l — Y|
= %‘yp—l + Ym—1| - [Yp—1 — Ym—1|
< Y3 |Yp-1— Ym-1l
=ys- %Iyﬁ_z — Yp ol
=y3- %|yp—2 + Ym—2| * [Yp—2 — Ym—2|
< Y3 [Yp—2 — Ym—2|

<yl |Ypmta — ol
< 2y3",



where we used the fact that y,, < y3 for all n > 2.
Direct calculations gives

1 1 1 7
y3=$*§$2+§$3—§x4§ 3’ z € [0,1].
. : In2 —1Ine
Finally, for any € > 0, there exists N = T8 — T + 1 such that for all p > m > N, we
n8 —In

have .
lvp — yml < 205" < 2(9" <.

Therefore, {yn }nen is Cauchy.
(ii)(1 marks) If ¢ = 0.1, then our N = 23.



